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We propose a definition of nonclassicality for a single-mode quantum-optical process based on 
its action on coherent states. If a quantum process transforms a coherent state to a nonclassical 
state, it is verified to be nonclassical. To identify nonclassical processes, we introduce a representa- 
tion for quantum processes, called the process-nonclassicality quasiprobability distribution, whose 
negativities indicate nonclassicality of the process. Using this distribution, we derive a relation for 
predicting nonclassicality of the output states for a given input state. We experimentally demon- 
strate our method by considering the single-photon addition as a nonclassical process, and predicting 
nonclassicality of the output state for an input thermal state. 
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Introduction. The ability of detecting any nonclassi- 
cality generated by any quantum device enables us to ma- 
nipulate and control the evolution of a quantum state. In 
particular, this plays a central role in implementation of 
quantum information processing and communication pQ . 

In general, the problem of the characterization of an 
unknown quantum device is addressed by means of quan- 
tum process tomography [2H1]- A general method for 
quantum process tomography was recently proposed that 
is based on probing a quantum process (described by 
a completely positive and linear map £ ) using coherent 
states to characterize the process tensor in the Fock basis, 
with a fixed maximum number of photons (5HE]. How- 
ever, any photon-number cutoff will transform a classical 
state into a nonclassical one, as a finite sum of nonclas- 
sical states is always nonclassical. Therefore, the previ- 
ously known methods are not able to distinguish quan- 
tum processes whose outputs are classical for any clas- 
sical input state from those that may convert classical 
input states into nonclassical output states. 

For this purpose a universal nonclassicality test of the 
output states is indispensable. Nonclassicality of quan- 
tum states is characterized by the Glauber-Sudarshan 
representation [TU] of the density operator p, 



d 2 aP(a) | a) (a| 



(1) 



If the P function has the form of a classical probability 
density, the corresponding quantum state is said to have 
classical analogue [TT], otherwise the state is referred to 



as nonclassical 12 . However, in practice the P function 
is highly singular for many quantum states, so that it 
cannot be used to experimentally check the nonclassical- 
ity in general. 

A recently proposed method for verifying nonclassical- 
ity of quantum states is to use a regularized version of the 
P function, referred to as the nonclassicality quasiprob- 
ability distribution (NQD), Pq(/3). Its negativities indi- 
cate the nonclassicality of any quantum state [T3] , and it 
can be directly sampled by homodyne detection [TH [T5] . 
The relation between the NQD and the P function is eas- 
ily formulated by their Fourier transforms, i.e., the char- 
acteristic functions $0(0 and 3>(£), respectively. The 
function <E»o is obtained by multiplying $ with a proper 
filter function, for a detailed discussion of the require- 
ments we refer to |13j . An example of such a filter func- 
tion is 
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where Af ensures the normalization tt w (0)=l. 

In this Letter, we propose a definition of nonclassicality 
for single-mode quantum-optical processes. We introduce 
a method for detecting nonclassical processes by testing 
the nonclassicality of the output states for coherent states 
at the input. If there exists an input coherent state lead- 
ing to a nonclassical output state, the quantum process is 
nonclassical. This method enables us to identify nonclas- 
sical quantum processes that may transfer classical input 
states into nonclassical output states. We derive a rela- 
tion for predicting the NQD of the output state for given 
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input states. Moreover, we experimentally demonstrate 
our method by verifying the single-photon addition to be 
a nonclassical process and predicting nonclassicality of 
the output state for an input thermal state. 

Nonclassical processes. For a general input quantum 
state p, the output of a quantum process described by the 
map £ (p) is obtained by using Eq. ([!]) and the linearity 
of the map, 

£(p) = J d 2 aP in (a)£(\a) (a\) (3) 

where Pj n (a) is the P function of the input state. As the 
map may not be trace-preserving in general, the output 
state, p E oc £(p), is obtained from this expression simply 
by normalization. The P function of the output state is 
given by 

Pout 08) = / d 2 aP in (a)P £ (f3\a), (4) 

where Pg (f3\a) is the P function of the output state of the 
process conditioned on the input state being the coherent 
state | a). 

From Q it follows that if the output states of a quan- 
tum process for input coherent states are classical states, 
i.e., having P functions that are positive semidefinite, 
then the output of the process for any classical input 
quantum states will be always a classical state. This mo- 
tivates us to define nonclassicality of quantum processes 
as follows. 

Definition. A quantum process is nonclassical if it 
transforms an input coherent state to a nonclassical state. 

Therefore, based on this definition, a classical pro- 
cess transforms all coherent states to classical states, and 
the output state is classical for any classical input state. 
Also, nonclassicality of the output state for only one co- 
herent state is sufficient evidence that the process is non- 
classical. 

As the regularized version of the P function, Pn(a), 
is an appropriate representation of quantum states for 
experimentally verifying nonclassicality, we introduce a 
related characterization of quantum processes. The reg- 
ularized version of Ps(f}\a), denoted as Pn,s(l3\a), a reg- 
ular function of two complex variables, is a representa- 
tion of the process that we use to verify its nonclassical- 
ity. This conditioned quasiprobability distribution is de- 
noted as the process-nonclassicality quasiprobability dis- 
tribution (PNQD), which unambiguously identifies the 
nonclassicality of a given quantum process. For a non- 
classical process there exists an input coherent state jcto) 
and Po such that Pn,e(Po\oio)<^- 

We note that the nonclassicality of a quantum process 
does not imply that the output state is nonclassical for 
any classical input states, as we shall see in the following 
example of the cat-generation process. Having knowledge 



of the PNQD, Pa^(/3\a), and using Q, one can find the 
NQD of the output state for an input state described by 
Pin (a) via 

Paifi) = J d 2 aP m (a)Pn, £ (P\a) . (5) 

In case the P function of the input state is highly singu- 
lar, by using the Parseval identity the NQD of the output 
state can be obtained as 

PaW) = J d 2 is<t> in (v)Pn, £ (PW) , (6) 

where $; n (f ) is the characteristic function of the P func- 
tion and Po.,e(P\v) is the Fourier transform of Pn.£((3\cn). 

For unknown quantum processes the PNQD can be es- 
timated by sampling the NQD of the output states [21 
I15j for a sufficiently large number of input coherent 
states. In principle, for any unknown quantum process, 
Pn,eW\ a ) can even be uniquely determined by knowing 
the action of the process on only an arbitrary small com- 
pact set of input coherent states \a) \W\ . 

Examples of classical and nonclassical processes. Ex- 
amples of classical processes include the photon subtrac- 
tion and the interaction of a state with a thermal bath; 
for further details on classical maps, cf. Ref. [T7]- For 
the photon-subtraction process, the map 

£(\a) (a\) = a \a) (a\ a f = \a\ 2 \a) (a\ (7) 

yields a classical state. Consequently, the output will be 
classical for any classical input state [18]. However, a 
nonclassical input state may be transformed to an out- 
put state with modified nonclassical properties |19j . see 
Fig. [T] Hence the output state of a classical process for 
a nonclassical input state may not be classical. 
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FIG. 1. (Color online) The NQD for the output of the single- 
photon subtraction process, acting on a squeezed vacuum 
state with variances 14=0.5 and V p =3.0. We used the fil- 
ter function |2| with the filter width w—1.5. The negativities 
indicate the nonclassicality of the state. 

Let us consider a model for the process of decoherence 
caused by a thermal bath of mean occupation number n 
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[25] , the characteristic function of the P function of the 
state at time t is given by [21] 

= exp [_|e| 2 (n- (n+ l)e- 2 ^)] $ Q (^-^,0) , 

(8) 

where $q(£,0) ($q(£, 0)= exp[-|^| 2 ]$(^, 0)) is the char- 
acteristic function of the Q function of the state at time 
t=0, t is the interaction time, and 7 is the damping 
rate. The Q function of any quantum state is a posi- 
tive semidefinite function [22] . Hence, for =jp[>e~ 2 ~ (t the 
P function is positive semidefinite, as it is given by the 
convolution of two positive semidefinite functions, and 
the output state for any initial nonclassical state is al- 
ways classical. In this case, this process is classical. 

An example of a nonclassical process is the cat- 
generation process. The unitary evolution associated 
with the Hamiltonian Hkch=x(^ ") 2 > generates the 
Schrodinger cat state at time £=5^ (^=1) [23] [24] 

£{\a) (a\) = e"^ (ata)2 \a) (a\ eW**' 

= ±Qa)+i\-a))({a\-i{-a\). (9) 

This is a nonclassical process, as the PNQD takes on 
negative values; see Fig. [2] As would be expected, this 
nonclassical process converts a classical state to a non- 
classical one. However, for certain classical input states 
the output state can be classical. As the corresponding 
unitary operator is a function of the photon number op- 
erator n=a^a, it leaves the photon number states 
unchanged. As a consequence, any statistical mixture 
of photon number states remains unchanged. Therefore, 
the output state of this process for an input thermal state 
is the same thermal state, which yields a classical output 
from a nonclassical process with classical input. 
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FIG. 2. (Color online) The PNQD of the cat-generation pro- 
cess, for an input coherent state with a=2.0. The filter func- 
tion is the same as in Fig. [T] 

Last but not least, even a nonclassical process with 
nonclassical input can have a classical output state. A 
simple example is the application of the squeezing op- 
eration on a squeezed input state. For example, when 



a squeezed vacuum input state is squeezed again with 
the same amount of squeezing but in the quadrature or- 
thogonal to the original squeezing, the squeezed state 
transforms into the vacuum state. 

Experimental demonstration of a nonclassical process. 
Based on our definition, the single-photon addition pro- 
cess is a nonclassical process, as it transforms the vacuum 
state to the single-photon state, i.e., a coherent state with 
zero amplitude to a nonclassical state. In the following, 
we experimentally demonstrate our method by applying 
it to the single-photon addition process. 

Stimulated parametric down-conversion is used to gen- 
erate the single-photon-added coherent states [25] [25]. 
The core of the experimental setup is a x nonlinear 
crystal [/3-barium borate (BBO), type I] pumped by a 
90-mW UV beam obtained by frequency doubling 1.5-ps 
pulses at 785 nm from a mode-locked Tksapphire laser. 
The spontaneous parametric down-conversion from the 
crystal consists in pairs of entangled photons emitted in 
two well-defined directions called signal and idler. When 
a seed coherent state is injected in the crystal along the 
signal direction, stimulated emission also takes place. A 
single-photon avalanche silicon detector is placed along 
the idler beam after spatial and spectral filtering. A 
click from this detector heralds the generation of a single- 
photon-added coherent state in a well-defined spatiotem- 
poral signal mode, which is then characterized by time- 
domain homodyne detection 27J. In the experiment, we 
analyzed the photon-added states with 13 different in- 
put coherent-state amplitudes. For each acquisition the 
homodyne phase was varied between zero and n and ac- 
tively locked to 10 different values by monitoring the DC 
level from the homodyne receiver. 

Now we prove experimentally that this process is a 
nonclassical one. To estimate the PNQD of this process 
from experimentally recorded quadrature distributions, 
we use the sampling approach which has already been 
applied to determine the NQD in [15]. The PNQD is 
reconstructed by using the filter function ^ with the fil- 
ter width 10=1.2. The effect of the quantum efficiency is 
removed as described in [T5J. The obtained results are 
shown for three different input coherent states in Fig. [3] 
We observe negativities for different amplitudes of the 
coherent input state \at), with decreasing negativity for 
increasing a. Obviously, the negativity appears close to 
the origin of phase space, i.e., at /3=0. Therefore, we 
examine the dependence of the PNQD on the input am- 
plitude a at /3=0 more closely; see Fig. [4] It is clearly 
seen that the negativity is statistically significant for low 
input amplitudes a, which eventually yields the sought 
experimental proof of the nonclassicality of the process. 
For larger amplitudes, the negativity vanishes at (3=0. 
However, this does not mean that the output state for 
an input coherent state with large amplitude is classical. 
As the single-photon-added coherent states are nonclassi- 
cal for any input amplitude |26j , one will find negativities 
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FIG. 3. (Color online) PNQD of the single-photon-addition process with w=1.2 at different amplitudes a=0.00, a—QA6 and 
a— 1.12 of input coherent state (from left to right). 



of the PNQD at values of /3 different from zero. 
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FIG. 4. (Color online) PNQD with w=1.2 for different input 
amplitudes a for the single-photon-addition process, evalu- 
ated at /3=0. The error bars correspond to one standard de- 
viation. The green solid line represents the theoretical expec- 
tation. 






FIG. 5. (Color online) Estimated NQD of the output state of 
the single-photon addition process for a thermal input state 
with mean thermal photon number n=0.5. The standard de- 
viation, shown by the blue shaded area, is mostly hidden by 
the linewidth, the systematic error is displayed by the red 
shaded area, see |16| . 



By using the experimentally estimated PNQD for the 
single-photon-addition process, we are able to estimate 
the NQD of the output state via Eq. (5) for a thermal 
input state with low mean photon number. The fact 
that photon addition is probabilistic is properly taken 
into account; for details see QI]. In Fig. [5] we show the 
predicted NQD of the output state for a thermal input 
state, displaying strongly significant negativities, which 
prove nonclassicality of the output. This estimate of the 
NQD of the output state is in good agreement with the 
directly measured NQD of single-photon-added thermal 
states [14"] . 

Conclusions. We have proposed a definition of non- 
classicality of a quantum process through its action on 
coherent states. Based on this definition, any quantum 
process that transforms a coherent state to a nonclassi- 
cal one is identified as a nonclassical process, which may 
transfer a classical state to a nonclassical one. For classi- 



cal processes the output state is guaranteed to be classical 
for any input classical states. A classical process can also 
be useful to transform the nonclassical properties of the 
input state into another form, which is desired for some 
applications. 

Nonclassical processes are necessary for the genera- 
tion of nonclassical states, and subsequently they can be 
used to create entanglement by overlapping them on a 
beam splitter [28l [29] . Conversely, interference of clas- 
sical states will not generate entanglement. The pre- 
sented method enables us to check whether an unknown 
quantum device can generate nonclassical states and to 
predict nonclassicality of the output state. One useful 
application for the method is to verify nonclassicality 
(classicality) in multimode quantum devices and chan- 
nels, by considering each input to output connection as a 
single-mode process, when output states are required to 
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be entangled (unentangled) states. 
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Supplementary Material: Quantum Process Nonclassicality 

Saleh Rahimi-Keshari* , Thomas Kiesel, Werner Vogel, Samuele Grandi, Alessandro Zavatta, and Marco Bellini 



MATHEMATICAL PROPERTIES OF THE PNQD 

By definition, the process-nonclassicality quasiproba- 
bility distribution (PNQD) is given by 

1 



x Tr[e at «e- a «*£(|a) (a\)]. (1) 



By using the Kraus decomposition of the quantum 
process, 

£{p) = E*=iKipKh where L ^ dim(-H) 2 , 
J2i=i &i Ki — % an d Ki are some Kraus operators on 
H, the above equation becomes 

L 



KU & ^e~^'k, la) 



(2) 



Consequently, we can write the PNQD as an expectation 
value 

P Q , e ((3\a) = (a\E*(6(l3))\a) (3) 

with respect to the input coherent state, where we have 
defined 

L 

£*{6 w {p)) = Y J KtO w {p)k i (4) 



and 



(5) 



It has been shown in Ij that O w (/3) is bounded, 
and Tr(O w (/3)) — tt^ 1 . Therefore, also the operator 
8*(O W (0)) is bounded [2]. According to OH], this im- 
plies that this function can be expressed as an everywhere 
convergent power series in terms of a and a* . Hence, for 
any unknown quantum process £ and any complex num- 
ber (3, Pn y e(f3\a) is uniquely determined by any small 
compact set of input coherent states \a). 



DETERMINATION OF NONCLASSICALITY 
QUASIPROB ABILITY DISTRIBUTIONS 

Phase-sensitive nonclassicality quasiprobability 
distribution 

We reconstruct the nonclassicality quasiprobability 
distribution (NQD) Pn(P) from the quadrature distri- 
butions with the help of the relation 



* dip 



dx / — p(x;(p)fa(x,<p;P,w). (6) 
- Jo * 



The pattern function fn(x, tp; ft, w) is given by 

\b\ 



fa(x,<p;0,w) 



^5 l-l c ibx c 2i|ff|fcsin(arg(^)-y-Tj-; 



x e b2 ' 2 n w {b), 



where 0, w (b) is the nonclassicality filter. In practice, the 
nonclassicality quasiprobability can be estimated from 
quadrature-phase value pairs (xi,ipi)^L 1 as 



1 N 

Pn((3) = — ^2fn(xi,(fi;P,w). 



(7) 



The data consists of 266000 points taken at ten dif- 
ferent phase values. To avoid certain computational ar- 
tifacts, the evaluation is performed as described in the 
Supplementary Material of [5 ]. 

As the quantum efficiency slightly differs for each state, 
we decided to remove its effect and show the results for 
the states with quantum efficiency r\ = 1. This can be 
achieved by some simple rescaling: 



Pn(P;V^ hw) = r]Pn(VvP^,w/^rj). 



(8) 



On the left side of the equation, we have the nonclassi- 
cality quasiprobability of the ideal state. Therefore, it is 
sufficient to sample the nonclassicality quasiprobability 
of the lossy state with rescaled width and 0. For details, 
see also [7] . 



Phase-randomized nonclassicality quasiprobability 
distribution 



If we want to predict the outcome of a phase-insensitive 
quantum process for a phase-insensitive input quantum 
state (like a thermal state), it is sufficient to examine 
only the phase-randomized output states of the process. 
In general, however, even a classical process can lead to 
a phase-sensitive output state from a phase-insensitive 
input state, for example by coherent displacement. For 
the phase-randomized nonclassicality quasiprobability, 

Pn(a) = ~ [ " tyP^ae**), (9) 



o 



we can use the phase-randomized pattern function 

r 2ir 



fa(x;a,w) 



1 

27 



d<fifn(x, (p;ae l,p , w) 
db^e* bx J Q (2ab)e b2/2 n w (b). 



As it can be seen, the phase argument of the pattern 
function disappears. 
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PREDICTION OF OUTPUT STATE OF THE 
SINGLE-PHOTON ADDITION PROCESS FOR 
AN INPUT THERMAL STATE 

There is one critical point in the consideration of prob- 
abilistic quantum processes, such as the single-photon 
addition process, see [? ]: The output of the quantum 
process formalism is given by 



Pout OC £ a dd(pm) = oj f)- m C 



(10) 



However, for probabilistic quantum processes the term 
on the right side is not a valid quantum state, since the 
density matrix is not correctly normalized. Therefore, we 
do not observe the right side directly, but its quantum 
state 



Pout 



Tr(atp in a) 1 + (ata) in ' 



(11) 



Therefore, if we insert the P representation of the quan- 
tum state 



pin = / d 2 aP in (a)\a)(a\, 



and the output state for input coherent states 



Pout (a) = 



a' |a) (a| a 
1 + lal 2 ' 



(12) 



(13) 



we find that 



Pout 



1 



1 + Tr 
1 



1 + (dta)i 



77 tt^\ / d aP in (a)£ add (\a) (a\) 
(pi„aTa) J 

d 2 aP in (a)(l + \a\ 2 )p out {a)lU) 



where (d^a); n is the mean photon number of the input 
state for which we want to predict the output. 



So far, we have sampled the nonclassicality quasiprob- 
abilities of the output states p ou t(o:) for different coherent 
input states, Pq,e(P\c(). From these, we can predict the 
NQD of the output state for an input state as 



1 + (dta)i 



d 2 aPfi,£(/3|a)P in (a)(l + M 2 ), 



(15) 

where P m (a) is the P function of the input state. If the 
latter is independent of the phase, the integral simplifies 
to 



2tt 



i + (ato)i 



da aP n , £ (P\a)P ia (a)(l + a 2 



(16) 

where Pa.e(fl\a) is the phase-randomized PNQD de- 
scribed above. In practice, we evaluate this integral from 
the final number of measured input coherent state with 
the trapezoidal rule. A systematic error is estimated by 
the comparison of the result with the integration over a 
cubic spline interpolation function. 
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